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Abstract

In this paper we study the efficiency and the reliability of an anisotropic a
posteriori error estimator in the case of the Poisson problem supplied with mixed
boundary conditions. The error estimator may be classified as a residual-based
one, but its novelty is twofold: firstly, it employs anisotropic estimates of the
interpolation error for linear triangular finite elements and, secondly, it makes use
of the Zienkiewicz-Zhu recovery procedure to approximate the gradient of the exact
solution. Finally, we describe the adaptive procedure used to obtain a numerical
solution satisfying a given accuracy, and we include some numerical test cases to
assess the robustness of the proposed numerical algorithm.

1 Introduction and motivations

In [27, 31] an error estimator computationally cheap but, at the same time, able to detect
the directional features of the solution of the problem at hand is introduced. These
good properties are obtained by suitably combining the Zienkiewicz-Zhu (ZZ) gradient
recovery procedure [40, 41, 42, 43] with the anisotropic error estimates of [11, 12]. This
is carried out first by developing a residual-based error estimator. Then the error in
the interpolation terms is bounded via suitable anisotropic error estimates. Finally,
the derivatives of the exact solution entering these anisotropic terms are replaced by
recovered quantities, in the spirit of the ZZ procedure.

Let us show in more detail how this error estimator is obtained in a quite general
setting. Suppose that the weak form of the problem at hand is:
find w € V such that, for any v € V,

B(u,v) = L(v), (1)

where V is a Hilbert space, B(+,-) : V x V — R is a coercive symmetric bilinear form,
L :V — R is an element of the dual space V’ of V. Then the approximated problem is:
find up, € V3, such that, for any vy € V3,

B(uh, Uh) = L(vh),



where V;, C V is a suitable finite dimensional subspace of V. Then it follows that, for
any v € V,
B(u — up,v) = L(v) — B(up,v) = R(v),

R € V' being the (weak) residual associated with (1). The well-known Galerkin orthog-
onality property (R(vy) = 0, for any vy, € V},), yields

B(u — up,v) = R(v — vp).

By localizing the residual term over the elements K and the edges of the triangulation
Tn, and using the Cauchy-Schwarz inequality as well as suitable interpolation error
estimates, we have

|B(u—un,v)| < C Y ax pr(un) wi (v), (2)
KeTy,

where a g are area-dependent coefficients, while px (up,) and wk (v) are the local (interior
and edge) residual terms and the anisotropic weights associated with the function v,
respectively, with C' a suitable constant. By identifying in (2) v with the discretization
error e = U — Up, we get

B(eh,eh) <C Z QK pK(uh) wK(eh). (3)
KeTy,

We may characterize such a result as an implicit estimate for the energy norm of ey,
since ey, appears at both the left and right-hand sides of (3), the energy norm being
defined by the bilinear form itself. The idea now is to replace the above term wg (ep,),
usually depending on the first and/or the second derivatives of ey, with the computable
quantity wg (e,), obtained by employing, for instance, recovered derivatives of u instead
of the exact ones, following the ZZ approach. Thus the final estimator for the energy

norm of ey is defined by
1/2
n= ( > ni) : (4)

KeTy,

with ni = (o (un)wic (e)) .

Since the pioneering work [40] dealing with the linear elastic problem, and some fur-
ther papers [42, 43], it has been attempted to theoretically understand the amazingly
good properties of the ZZ error estimator, obtained by approximating the true gradient,
for instance, with the recovered one. One of the first work in which some averaging tech-
nique is studied is [20], though the idea is nearly as old as the finite element method itself
(see, e.g., [39]). In the literature emphasis is often given to superconvergence results,
that is, the phenomenon observed when using, for example, continuous piecewise linear
finite elements: the convergence rate of the averaged gradient to the exact gradient in
the L2-norm can locally be higher, even by one order, than that of the original piecewise
constant discrete gradient, under some smoothness assumption on the solution and on
the domain, and under some regularity constraints on the mesh. For instance, in [20]
uniform triangulations are necessary; in [21] a regular family of uniform triangulations
of a polygonal domain is considered; in [10] a quasi-parallelism assumption is made; in
[24] generalizations of previous results assuming fully-structured partitions or strongly-
regular meshes to globally mildly structured meshes are derived. Theoretical properties
of different types of ZZ-like error estimators are considered also in e.g. [3, 5, 23, 37, 38].



Aim of this paper is to study the efficiency and the reliability of an anisotropic a
posteriori error estimator of the type (4), in the case of the Poisson problem provided
with mixed boundary conditions.

Some numerical tests on anisotropic error estimators of type (4) have already been
presented in [27, 31] while generalization to other elliptic problems and to parabolic
problems are discussed in [32].

The outline of the paper is as follows: after introducing the anisotropic setting
in Section 2, we derive in Section 3 the anisotropic error estimator of type (4) for a
model elliptic boundary value problem. In Section 4 we provide the theoretical tools for
studying the reliability and the efficiency of the error estimator, carried out in Section 5
and 6, respectively. Finally, in Section 7 we discuss how the anisotropic error estimator
can be used to generate an adapted mesh and we numerically validate the proposed
theory on some test cases.

2 Functional and anisotropic framework

Let us introduce the functional spaces used in the sequel. Let € be a polygonal domain
of R? with Lipschitz continuous boundary 9. First, let L?(Q2) be the space of the
Lebesgue square-integrable functions with norm || - || 2 (o) and scalar product (-, ).
Then let W*P(Q) be the classical Sobolev spaces of functions for which the p-th power
of their distributional derivatives of order up to k& > 0 is Lebesgue-measurable and
1 < p < oo [25]. In particular, for p = 2, the space W*2(Q) is denoted with H*((2),
with norm and seminorm | - || g (o) and | - | (q), respectively. When these norms or
seminorms are referred to some subset S of 2, they are written as || - ||z2¢s), || - | ax(s)
and | : |Hk(5).
Moreover, in the case p = 2 and k = 1 we let H{(Q) be the subspace of functions
of H'(Q) satisfying homogeneous Dirichlet boundary conditions on a subset I' of the
boundary 99 of Q, with T # (). Finally, we recall that L>°(Q) is the space of bounded
functions a.e. in .
The remaining part of this section is devoted to the introduction of the anisotropic
setting used to derive the anisotropic a posteriori error estimator in Section 3.1. The
details of the anisotropic analysis we are referring to are covered essentially in [11, 12].
For any 0 < h < 1, let {75}, be a family of conforming triangulations of Q2 into tri-
angles K of diameter hx < h. Since we are working with strongly anisotropic meshes,
the standard regularity assumption on the mesh does not hold [7]. Let us introduce
the standard invertible affine map Tk : K — K from the reference triangle K to the
general element K of the triangulation 7, (see Fig. 1). Although the results in [11, 12]
are independent of K , in the sequel, we identify K with the unitary equilateral trian-
gle (—1/2,0),(1/2,0),(0,4/3/2). This turns out to be a practical and rather standard
choice for an anisotropic analysis [2, 9, 18, 22, 35].
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Figure 1: The affine map Tk.

For any K € Ty, let Mk € R?*? and £, K € R? be the matrix and the vector defining
the map Tk, that is, for any = = (z1,22)7 € K,

f:((El,{Eg)T:TK(?’E_\)):MK%ﬁ-FKEK. (5)

The anisotropic information about the size and the orientation of the mesh element K
are derived by the spectral properties of the map Tx. In more detail, let us consider the
polar decomposition M = Bi Zk of the matrix Mg in (5), with Bx and Z € R?*2
symmetric positive definite and orthogonal matrices, respectively (see, e.g., [17]). Then
let us factorize the matrix Bg in terms of its eigenvalues A; g and eigenvectors 7 g to
obtain Mg = R%; Ax Rk Zk, with R% = [Fl,K FQ,K] and A = diag(/\l,K, AQ)K). In
the sequel the non-restrictive assumption A\ g > Ap i is made.

The deformation of any K € 75 with respect to K can thus be measured in terms of
the quantities \; ¢ by defining the so-called stretching factor s = A1 /Ao (> 1), s
being equal to one. Notice that the matrix Bx and all the quantities related to it are
independent of the local numbering of the nodes of K only when K is the (isotropic)
equilateral triangle.

In view of the a posteriori error analysis below, after introducing the finite element
space Wy, C H*() consisting of piecewise continuous polynomials of degree one, let
I} : L2(2) — W), be the standard Clément linear interpolant [8], and let I} be its
restriction to K, for any K € 7;,. Throughout two requirements are made on the
patch Ag involved in the definition of the operator I}, Ax being the union of all the
elements sharing a vertex with K. We assume the cardinality of any patch Ag as
well as the diameter of the reference patch A = T'(Ag) to be uniformly bounded,
independently of the geometry of the mesh, i.e., for any K € 7},

card(Ag) < N and diam(Ap) < Ca ~ O(1), (6)

with Ca > hg [26]. In particular, the latter hypothesis rules out some too distorted
reference patches (see Fig. 2 where examples of acceptable and non-acceptable patches
are provided).

For the Clement operator I} the following anisotropic interpolation error estimates
can be proved [11, 12].
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Figure 2: Examples of an acceptable (top) and of a non-acceptable (bottom) patch.

Lemma 2.1 Let v € HY(Q). Then there exist two constants C; = C1(N,Ca) and
Co = Co(N,Ca) such that, for any K € Tp,

)

2 1/2
o= T @)y < o[ D002 (7 G (0) T |
=1

) B} 1 )
lo = I ()l (o) < Co by [SK (M Gr(v) PLK) + " (7 k Gr (v) 7o,k

Gk (v) being the symmetric positive semi-definite matriz given by

dv\2 ov Ov
JGa) @ o e
_ T T
Cr(v) = Z ov Ov v \2
rear | [V 4z /(—) 7
Ox1 Oxo Oxa

T T

Remark 2.1 Estimates (7) hold also for a more general Clément like operator such
as, for instance, the Scott-Zhang interpolant [34]. In such a case it suffices to suitably
modify the definition of the patch Ak in (8).



3 The model problem

Let us consider the model elliptic boundary value problem: find u :  — R such that

2
3] ou .
_Z_la_a,‘l(a”@ >—|—7u—f in Q,
u=20 on FD, (9)
Ou =g on I'n,

onr
where I'p and 'y, with I'p # (), denote two disjoint boundary segments such that
I'pUTlN =09; f e L*(Q), g € L*Tn), v =7(F) > 0 ae. in Q and a;; = a;5(F) =
a;i(Z) € L*(Q) are given functions, and

3nL Z i, 3

is the conormal derivative of u, 7 = (nq, ng) being the unit outward normal vector to
the boundary 92 of the domain 2. Moreover, we assume that the differential operator
defined in (9) is elliptic, i.e. that there exists a constant § > 0 such that

2
Zam §z€j>5”€”2

i, j=1

for any £ = (&1,&)7 € R? and for a.e. Z € €, | - ||z denoting the standard Euclidean
norm. The weak form of (9) reads: find u € V = H}_ () such that

B(u,v) = L(v) forany v eV, (10)
where

2 Ou D
B(u,v):/(v;l i G 3 +fyuv)d3: and L(v /fvdx—&—/gvds
Q % I'n

The hypotheses made above on the data of problem (9) guarantee the existence and the
uniqueness of the solution u of the weak formulation (10). Let us endow the space V'
with the energy norm ||| - ||| defined by

ol = [Bo,v)]/? for any v e V. (1)

In what follows, without any explicit specification, we will refer such a norm to the whole
domain €. Otherwise the considered subset of Q will be specified by a corresponding
subscript. Let us introduce the subspace Vj, C V consisting of piecewise continuous
polynomials of maximum degree one [7, 33]. Then the discrete form of (10) reads: find
up € Vi, such that

B(up,vp) = L(v,) for any vy, € Vj,. (12)
Existence and uniqueness of u;, are again guaranteed by the hypotheses made above on
the data of problem (9). Recalling that e;, = u — uy, is the discretization error associ-
ated with the finite element solution uy, this quantity satisfies the so-called Galerkin
orthogonality property given by

Blep,vp) =0 for any vy, € Vj,. (13)

Moving from [27, 31], we are now in a position to build the desired anisotropic counter-
part of the standard ZZ error estimator [40, 41, 42, 43].



3.1 An anisotropic recovery-based a posteriori error estimator

First, let us introduce some quantities used below. For any K € 7Tp,, let

2
0 ou
wlm) = (£ 30 50 (o) ), 4
i,j=1"""¢ J
and
0 for any E € E(K)Né&np,
8uh
2l g— fi E K)n
Rrc(un) = (g aﬁL,K) ‘E or any E € E(K)N&nn, (15)
_[ ?uh ] for any F € E(K)NE&na
8nL,K E

be the element interior and boundary residuals, respectively associated with the finite
element approximation u;. We have distinguished the edges E constituting the skeleton
&, of the triangulation 7}, as £x,q, En,p and &,y according to whether they are internal,
Dirichlet or Neumann edges, respectively, while with £(K) we let the set of the edges
of the generic triangle K. Moreover,

[ﬂ}E _ O Oun for any E € E(K) N &pq,

= == + o=
aTLLK 6nL7K 8nL,K/

where K’ is the triangle sharing the edge F with K and Ouy/0fir x and Oup /07 K
denote the conormal derivatives of u; associated with the elements K and K’, respec-
tively.

First, let us prove an implicit estimate for the energy norm of the discretization error,
where implicit is understood in the sense mentioned in Section 1.

Proposition 3.1 Let u be the solution of (10) and uy be the corresponding finite ele-
ment approzimation, solution of (12). Then there exists a constant C' = C(N,Cp) such
that

1/2
llealll <€ (3 ax prclun)wiclen)) (16)
KE'Z’h
where
ax = NNk
1
pi (un) = |1 (un)ll2(x) + WHRK(%)HL%M), (17)

2K

3

1 1/2
wk(ep) = [SK (FEK GK(eh)'Fl,K) + S (7?27:1( GK(eh)FZK)}

G is the matriz defined in (8), and ri (up) and Ry (up) are given by (14) and (15),
respectively.
Proof. Let us suitably rewrite the bilinear form B(ep,v): for any v € V,

2
B(en,v) = Z /( Z ”gzh 881) —|—7th) dz

KeTy, K i, j=

z {/fvdx + / gvds} Z / Zla”auh v vuhv) dz.

KeTh i KNIy KeTn g 1

(18)



An integration by parts of the integral in the last sum yields

Auyp, O 9
- / ”aUhaU ) dF = W)
KeT, j;  i,j=1 KeT, 3 z :1
N 8uh 8uh
— dd — ds — dsp.
'yuh)v i Biin vds B v s}
OKNTy OKNEh 0
Thus, going back to (18) and thanks to (14) and (15), we get
2
_ 17} Ouyp, R
B(en,v) = Z {/ Z (a”(?—xj) —'yuh)vdav
KeT, =
Oup, Jup
+ / (o~ aﬁL,K)”ds - / aﬁL,K”ds}
OKNT N OKN &y o
- Z{/TK up)vdZ + = /RK(uh)vds}.

KeT, i

Now the Galerkin orthogonality property (13) (with vy, = I}(v)) together with the Cauchy-
Schwarz inequality and Lemma 2.1 provide the estimate

|B(en,v)] = |Blen,v—Ii()| < Y {HTK(Uh)Ilm(K) lv = Iic (0) 1] 22 (0
KeTy,

1
+ IR )z om0 o = k() 2o }

1/2

< ¢ Z {”TK U’h |L2(K) [Z)\zK TZKGK( )TZK)]

KeT,

h1</2 ST N 1 1/2
T =5 HRK(Uh)||L2(aK)[SK (i G (v) 1K) + p (7 & G (v) 7o, K)] }
\L/2

< o > { MM I n)llzge + =55 1B (un) 200

KeT,

B - 1 1/2
[SK (" Gr(v) i) + Py (Pex G (v) 7%, K)] },
i.e. result (16) after choosing v = e,. Notice that in the last inequality the geometrical relation
he <hkx <hgli k, for any K € 7y, (19)

has been exploited also. O
To get information from estimate (16), we replace the matrix Gi (ep) in the definition of
the weights wgk (e ) with a computable quantity, e, depending on the unknown solution
u. With this aim, we exploit the ZZ recovery technique and replace G (ep,) with the
new matrix G (e}) defined by

(Gkr(ep))ij = Z /Guh 8uh)(Gjuh gz )da: withi,j=1,2, (20)

TeAKk T J

G?Zuy, = (Grup, Goup)T € (W3,)? denoting the ZZ recovered gradient.



Remark 3.1 Throughout we employ the following definition of G%%uy,:

. 1
G?%up (%) = 1A Z T vuh|T7
ren;

where A; is the patch of elements sharing the generic node T;, and |T|, |A;| are the
measures of T and A;, respectively. This corresponds to an approximate L?-projection,
where the scalar product are evaluated using the trapezoidal quadrature formula.

Matrix (20) allows us to provide the definition below.

Definition 3.1 An anisotropic a posteriori error estimator for the energy norm of the
discretization error ey associated with the finite element approximation up of problem

(10), is given by the quantity
1/2
n= ( > ni) : (21)

KeTy,
where ng = (ox pr(un) wi(€})) /2 is the element error indicator. According to (17)3,
1 1/2
’LUK(e;;) = | sk (FII:K GK((iZ) 7?1)1() + S_ (7?27:}{ GK((iZ) FQ)K) , (22)
K

while g and px (up) are defined as in (17)1 and (17)2, respectively.

We point out that the error estimator (21) is of residual type (see, e.g., [1, 36]).
However, though computationally cheap, it allows us to estimate only the energy norm
of the discretization error ey. If linear functionals of e; have to be controlled, dual-
based error estimators, involving the solution of a suitable adjoint problem, should be
considered [4, 16, 30]. Anisotropic error estimates for the control of linear functionals
of the discretization error are considered, for instance, in [12, 13, 14, 28].

4 Foreword to the analysis

Given a generic estimator 7 of the discretization error e, in the energy norm, checking
the robustness of 77 means verifying its efficiency and reliability i.e. the existence of two
strictly positive constants C, C, independent of the mesh size, such that

lllen]]] < Cn + H.O.T.; (reliability) (23)

and
nx < Clllenlllax + HO.T.o (efficiency), (24)

where g is the element error indicator associated with n and H.O.T.;, with i = 1, 2,
are higher order terms related to the data oscillations (see [29]).

Essentially, relations (23) and (24) state the upper (global) and lower (local) bounded-
ness of the energy norm of ey in terms of the global and of the element error indicators
n and ng, respectively.

The reliability and the efficiency of the error estimator 7 in (21) are analyzed in Sections
5 and 6, respectively after making some simplifying choices on the starting problem (9):
the diffusive matrix A = {a;;} is assumed constant, while the reaction term ~u is
neglected. Thus, the element internal residual reduces to rx (up) = f|x because of the



choice of the finite element space.

Then we replace the data f and g, usually not exactly integrable, by suitable functions
fKx and gg, piecewise constant with respect to 75, and &, n, respectively [29, 36]. The
element error indicator g in (21) can thus be explicitly rewritten as

1/2

A ou
[y 1/2 LK h
T = [ & I fxllezx )+T Z H[aﬁLK}E’LQ(E)
EcE(K)NEL 0 ’ (25)
1/2 _ Ou } } 1/2 e 1/2
T A Z H(gE aﬁL,K)Em(E)} (wK(eh)) ’

EES(K)ﬂSh,N

N, being now an exactly computable quantity.
Finally, the reliability and the efficiency of the error indicator

nr = ( > nfq)m (26)

KeTy,
will be studied under the additional
Assumption 4.1 For any K € Ty,
8€h
- Giu =1, 2, 27
H ox; h‘ L2( AK) H 0x; IlL2(Ak) for i (27)

with vk ’s constants such that 0 < v < 1.

Assumption 4.1 is not so unusual in the literature. It is the main idea of the ZZ recovery
technique, i.e. that the reconstruction G4?wy, of the approximation Vuy, for the gradient
Vu turns out to be better than Vuy, itself. However, we remark that assumption (27)
is stronger than what is usually assumed, that is |[Vu — GZZul[12(q) < v||Ven|r2(a).
with 0 <wv <1 [6, 36].

4.1 Some useful results

Let us provide some results used in the sequel to assess the reliability and the efficiency
of the error estimator (26).

Lemma 4.1 For any function v € H'(Ak) and for any a, 3 > 0, it holds

a (fle G (v)71k) + B (P G (v) Fax )

2
|U|H1(AK)

min(«, ) < < max(a, 3),

Gk being the matriz defined in (8).

Proof. Without loss of generality, let us assume that o > (. Vice versa it suffices to
exchange in the following the roles played by 71,k and 7 k. As 1,k and 72,k are orthonormal
(eigen)vectors, let 71,k = [c s]T and 7,k = [~s |7, with ¢ = cos 0, s = sin@ and 6 € [0, 7.

10



Let W (v) be the matrix with components (W (v))
Then we have

(Ov/0x;) (Ov/dx;), for i,j = 1,2.

ij

o (Tl W(0) 71 i) 4 B (7o e W(v) Fo i)

= a[(g—:l)QCQ—FQaa—;l ;—;sc—l— (88—:2)252]

ov\2 o ov Ov ov\2 5
+ 0l(5) * 2am a oet (a) <]
. v \2 9 2 dv Ov ov \2 2 2
= (71) (ac®+Bs )—|—28—xla—x2(a—ﬁ)sc—|—<a—x2) (as”+Bc°)
ov
. [ Ov Ov ] ac®+3s” (a—B)sc 0x1
a z1  Oxa (a—=P)sc as®+ 3¢ Ov
81}2

Thus we are led to bound the last term of the chain of equalities above to obtain
Ov \2 Ov \2
(a) + () |
o
< [ v o ] [ ac® + 05 (a=P)sc ] a1

1 0w (a—PB)sc as?+8c v
Ox2

Ov \2 v \2
<ol(5) + (o) |
81‘1 8%2
since a and [ are easily shown to be the maximum and minimum eigenvalue of the matrix

above. After integrating over Ax the thesis follows. O
Analogously to Lemma 4.1, we have

Lemma 4.2 For any «, 8 > 0, we have

o (FEK GK(G;;) FLK) + 4 (TTQI:K GK(G;;) FgJ{)

||GZZuh — vuh”%ﬁ(AK)

min(a, ) < < max(a, 8), (28)

Gk (e}) being defined as in (20).

Proof. Tt is enough to repeat the proof of Lemma 4.1 simply by replacing the matrix W (v)

with the matrix of components (Giuh — %) (GjUh — %) O
i j

Notice that both the upper and lower bounds in Lemmas 4.1 and 4.2 are sharp.

Let us derive now a relation between Vej and the corresponding “recovered” quantity
(GZZUh — Vuh).

Lemma 4.3 Under the Assumption 4.1 and for any K € Ty, we have that

1 z27 1 z7
) |G Zun — Vun|z2ax) < [[VenllLzan) < ) |G Zun — Vun|z2(a )-
(29)
Proof. From (27) and thanks to the triangle inequality, we deduce that, for i = 1, 2,
dep, Jdep, H our,
< Giupy —
H Oxi llL2ag) — VK H Oz lL2(Ag) + Un Ox; lL2(ag)

11



that is

H 8eh (9uh (30)

61}1 8Iz

The upper bound in (29) immediately follows from (30). Likewise, it can be inferred that,
fori=1,2,

o -

L2(Ag) 1 — VK L2 (Ag)

oup Oey,
o - o]
H Un Oxi lL2(ag) — < (+m) Ox; lL2(ag)
i.e.
H Oep, 1 H up,
Giup — .
oxillL2(ag) — 1+1/;€ oz 1L2(Ak)
This completes the proof of (29). O

The next Lemma relates the L?(K)-norm of the gradient of any function v € H!(K) to
the energy norm of v, on a generic triangle K.

Lemma 4.4 Let Ypmqr and Vmin denote the mazximum and minimum eigenvalue of the
diffusive matriz A, respectively. Then for any K € T;, and for any v € HY(K), the
following equivalence can be proved

1/2
’le’l’l/

IVl z2r0) < Mol < vadae V0]l 22xc)- (31)

Proof. The simplifying hypotheses made at the beginning of this section reduce the definition
(11) of the energy norm of v on K to

Ov \ 2 v Ov Ov \2
2 -
-l = [fon () on e S (S Yo
Il = Bl = [{an(22) + 200 22 4 ana(22) Yoz @2
K
The integrand of (32) can be identified with the numerator of the Rayleigh quotient
(V)" AVv) / ((Vv)" V). Now, as
Amin (V0) T Vo < (Vo) TA VY < ymax (V)T Vo,
we can integrate such relations on the triangle K to obtain
Yanin V0122 (1) < MN[0l < Amax [IV0l[72 10)

ie. (31). 0

Remark 4.1 Result (31) can be reformulated on any patch of elements Ag simply by
extending the integration step from K to Ak and under the assumption v € H*(Ak).

The last result of this section turns out to be an essential tool in the proof of both
the efficiency and the reliability of the error estimator (26).

Lemma 4.5 Under the Assumption 4.1 it can be proved that, for any K € Ty,

1/
1—vK " (1+I/K)

WIII%IIIAK SwK(eh)§T|||eh|||AK) (33)
K mazx min

Ymaz ANd Ymin being defined as in Lemma 4.4.

12



Proof. First, let us exploit relation (28) by choosing @ = sk and 3 = 1/sk. This yields

1 zZZ * 1/2 zZZ
72 1G7 % un = Vunllp2(a) < wic(eh) < s 1G#%un = Vunl| 2 -
Sk

Now, for any K € Tp, from (29), we have

(I —-vk)
i/

* 1/2
IVenllpaga o < wic(en) < s (1 vie) [ Venllpaa
which immediately provides (33) thanks to Lemma 4.4 extended to the whole patch Ax. O

4.2 Anisotropic bubble functions

Typically, the efficiency of an error estimator is studied by using the properties of bubble
functions (see, e.g., [1, 36]).
In particular, we base the efficiency analysis of Section 6 on a new type of bubble
functions which we define anisotropic bubble functions. This turns out to be the main
novelty of our analysis.
Like in the case of the standard bubble functions, we distinguish between triangle and
edge bubble functions, denoted in the sequel with b4 and ba, respectively. We define
both types of bubbles through the solution of suitable eigenvalue problems.

For any K € Ty, the triangle anisotropic bubble function b4 is defined by the relation
bt =bpo !, where bg solves the problem

(34)

A denoting the standard Laplacian operator. Thus b‘f} is determined by computing
the eigenfunction bp in K associated with the Laplacian operator provided with ho-
mogeneous Dirichlet boundary conditions, and then mapping it to triangle K via the
transformation T . It is also understood that the eigenfunction bp corresponds to the

least (positive) eigenvalue X of (34) and it is normalized such that max b (%) =1 (see
Tre
Fig. 3, left).

W
\\t\\\\\\\\\\\\\‘\\\‘\\ \
TN
«\\‘\\‘\\\\\\\\\\\\\\\\\ N
RUHHRTTNR

\
\\\\\\\\\\t\\\\“

Figure 3: The anisotropic triangle (left) and edge (right) bubble functions b4 and b
both corresponding to sx = 10.
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Likewise for any pair of triangles K, K’ sharing the edge E € &, o, the edge bubble
function b4, supported in Qr = K U K, is defined by the relations b‘g‘K =bgo Tgl,

g|K, =bgpo T}}l, where bz solves the problem
_AbE = )‘bE in QE\’ (35)
b =0 on 0Qz,

CAQ # is the quadrilateral obtained by joining K with the equilateral triangle K ,

(1/2,0), (1, V3/2),(0,v/3/2), along the side E with extremes (0,v/3/2), (1/2,0), and

Ty is the map from triangle K’ to K.

Notice that the choice made for E is not restrictive, any other edge of K will do,

because of its symmetry. Moreover, since K’ coincides with K up to a rigid motion, Tk

is characterized by the same eigenvalues A1, g7, )\2 - as the ones obtained by mapping

K directly to K’ via the mapping Tk-. Finally, Tk, and Tk coincide on E.

As above, it is understood that the eigenfunction bz corresponds to the least (positive)

cigenvalue A of (35) and it is normalized such that ye%x ba(Z) =1 (see Fig. 3, right).
TEQE

Results corresponding to those stated for the standard bubble functions (see, e.g.,
[36]) can be proved also for b% and bia. Let us summarize these properties in the
following

Lemma 4.6 For any K € Ty, E € &0 and Qg = KU K', with K and K' triangles
sharing the edge E, the following properties hold:

supp(br) C K, 0<bp(Z)<1 foranyZcK, ma}i(bA (@) =1, (36)
re
supp (b) C Qe 0 <bp(#) <1 for any & € Qp, maxbp(¥) =1,  (37)
ze
/bf; di = Cz |K|, (38)
K
/ b ds = C% hg, (39)
/bg di < Csph%  with T e {K,K'}, (40)
T
/2 (1+ 52 )1/2
Vbl 20y = W b7l 2 ) (41)
X1/2 s

[Vba| 2ery < 162 2cr) with T € {K, K"}, (42)

1,T

where Cg, C’;‘?, C are constants depending only on the reference triangle K and st is
the stretching factor of the element T'.

Proof. Let us start with the properties of the triangle bubble function bf. Relations (36)
follow immediately by the definition of b% and by the choice made for its normalization.

14



Let us now prove (38). Employing the relation |K| = Al,KA2,K|I?|, we have
- K -
/ by dT = Al,KAg,K/ bpdZ = Q/ bg dz.
K R K| J&

/ b d7 = Cz|K],
K

Thus,

where C = [ bp dz /| K| depends on the reference triangle only.

R
To prove (41), the weak form of (34) immediately yields

Vb 1222 = Mz lZacz) -

When passing to triangle K this relation becomes

~

_ A
ALK K

1

s (ML kGr (i) i) + o (75 k Gr (b3 )2, k) 6% 0172 () (43)

where the summation implied by the definition of the matrix Gx runs only on K since
supp(bi) C K. We first show that

. S, 1 .
SK (TEKGK(bé)Tl,K) = g (TQI:KGK(bI}%)T2yK). (44)

The argument combines a slight modification of the proof of Lemma 2.2 in [11] with a symmetry
argument. Let us introduce a unit vector Y. We express the directional derivative along

~

direction ¥ of a generic function ¥ € H'(K), in terms of the derivatives of its image v defined
in K. We have,

Vo - ¥=X MgV =x"ZEBxkVo =T ZEREAK Rk Vv .

It then follows R
VT X = (Rx ZxX)" Ax R V).

Choosing ¥ = X1 such that Rk Zx X1 = (1,0)7, we obtain

/|%->zl|2d§ - /A%,K(mT,Kvu)Qd%
R

3 \ (45)
- / LK (5T V)2 d = sie (PTG (v)71.x),
A2 K
K
while picking ¥ = X2 such that Rx Zrx X2 = (0,1)7, we have
/ﬁa- Vl?dE = /A;K(@T,wa dz
)28 R \ X (46)
:/ 2K (5T Vo) dE = L (PTG (0)a i)
ALK SK
K

Notice that, by construction, X1 - ¥z = 0. Identifying in (45) and (46) v with b%, we infer that
terms at the left and right-hand sides in (44) can be rewritten, with respect to the orthogonal
directions Y1 and X2, as

SK (Fl,KGK(b?;)Fl,K) = [ |§bg ‘X1 dz,
R

1, o EN R =
L (TG b i) = / Sbs - ol 4,
SK B’

15



respectively. Finally, relation (44) follows on noticing that bz is invariant by rotations, thus
implying that the two integral above are equal. Property (44) together with the relation

G (0R)TK + T2 Gre (b7)72. 6 = [ VOR |22 (s
and (43), allow us to conclude

X1+ s%)

N1+ s%) b2 _ b |12
102 i = 2D o2,
LK

VbA 2 — _MNTTOK)
IV 1200 = G s

that is (41).

Let us now deal with the properties associated with the edge bubble function bf;. Relations
(37) follow immediately from the definition and normalization of b4, and observing that, also
by a symmetry argument, the maximum of bz is assumed at the midpoint of E, which implies
that the maximum of b is taken at the midpoint of F as well.

Equality (39) follows from

/bgds:h—E/bEds:C}(hE,
E hg Jg

* 3 * —1
the constant C% being defined as C% = hg [ bg ds.

B
Let us now prove (40) by choosing T'= K. We have

/ b dit = Al,KAg,K/ bsdi = CE%#E < Csihy,
K K hg

where Cg = [ bp dz and having also used the relation
K

11
he = px = pplex

(47)

pK, pi being the diameters of the balls inscribed in K and K , respectively. Thus, c=cC 5/ p%{.
Likewise an analogous relation holds when 7' = K "

Finally, by the invariance of the domain @z and of the operator A in (35) with respect to
a rotation of an angle 7, it follows that dbg/0fig = 0, where 75 is the unit normal across E.
This property allows us to rewrite (35) in each of the two triangles I?, K

—Abg :XbE in K

81_),3 =0 on E (48)
Ong A
bg =0 on 0K\ E

and similarly in K'. We are now in the same position as in the case of bp as the weak form of
(48) gives

2 Y 2
Thus a property analogous to (43) holds also for bg|K and bg|K/, where it is understood that
the summation implied by the definition of the matrices G and G- runs only on K and K’,
respectively. However, it is no longer possible to prove the analogue to (44) using the same

argument, as bg|z is not invariant by rotations in K. On the other hand, applying Lemma 4.1
on K with v = ba|x, @ = sx and 8 = 1/sk (and similarly on K’), we obtain

R . 1, . 1
sk (M xGr (bg| ) i) + P (7 kG (b )2 ) = P IVbE 172 (0
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and then, from the analogue to (43) for b4,

A2 X A2 XSQ A2
||VbE||L2(K) < )\%K||6E||L2(K) = ﬁ ||bE||L2(K)a

’

which proves (42). Notice that (42) is less sharp than (41), the latter being and equality and

because )
1/2
(ﬂ) < sk,
2
for any sx > 1, with equality holding only when sx = 1. O

Remark 4.2 The definition provided for the edge bubble function b via the problem
(35) is not suited when E € E, n. In such a case the boundary problem (35) has to be
replaced by a new one similar to (48).

We are now in a position to study the reliability and the efficiency of the error
estimator (26).

5 Reliability of nr

Let us first prove the following Lemma, which, basically, establishes an equivalence
between the quantities wg (en) and wg (e);) provided that the stretching factor sk is
bounded from above by a quantity depending on vk and such that the smaller vk, the
larger sk can be. On the contrary, should this bound not hold, then the constants in
the equivalence relations would depend on sg.

Lemma 5.1 Under the assumption that
2 1 2
v (2 + VK)(I + W) <O,

for some positive constant C,. < 1/2, where vk is defined via (27), then it holds that

Crwic(e}) < wk(en) < Crwic(ep,), (49)
where C1 = C1(Cy) > 0,Co = C5(Cy) > Cy and lim C = lim Cy = 1.
v —0 vk —0
Proof. Let us rewrite the expression for wg(en) and wk(e;) given by (17) and (22),
respectively. Let 71, x = [¢ s]T and o, = [—s |7, with ¢ = cos® and s = sin 6, for some

0 € [0,7[. We have wik(er) = 7ix M 71k, wi(e}) = 7k M?‘&,K where M = {m;;} and
M = {i;} € R**? are the symmetric positive definite matrices given by

2 2

Odep, Oen

1
— — = i=4i=1
5K Haxl L2(Ak) + SK H@xg L2(Ak) t=J ’
1 86}1 Beh = . .
mij = - — “on 2ok 4z, :
! <SK SK) Ag Om1 O0x2 v ek
86}1 2 1 86}1 2 .
oenp 2 ||een —ji=29
SK H OxallL2(ag) + SK H Oz1 lL2(ak)’ = ’
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and

2 2

oup, Oun

1

S Ll 2wy

5K ” 1k Ox1 lL2(ak) + SK 2un Ox2 llL2(Af) =

Mij = (SK — i) / (Gluh - %) (G2uh - %) dz, i # J,

Y I 01 0z2
2 2
SK”GQUh—%‘ "FiHGluh_% , t=j=2,
Ore llL2(Aag) Sk Oz llL2(agk)

respectively. To prove (49) it suffices to show under what conditions

wh(ep) _ Pl MLk
w%(eh) FII:K MFLK

is bounded from below and from above, independently of sx. This is equivalent to requiring
that the eigenvalues p of the generalized eigenvalue problem

Mz = uMZ,

or alternatively, that the eigenvalues of the symmetric part of the positive definite matrix

M_lﬁ do not depend on sg.
den den dZ and E;; = / (Giup —

For ease of notation, throughout we let e;; =

%) (G]-uh — %) dz, for i,7 = 1,2, and for generality we let sk and 1/sk be replaced by
i J

any two positive constants a, 3, respectively, with a > 3.
Let us rewrite the elements of M as m; = m; + €5, for 4,5 = 1,2, with

ou 2 den Ou =
afllorn — g las +2 [, Gon (G gy ]

ou Ode ou ﬂ L
+ ﬂ[IIquh—a—mlliz<AK>+2/AKa—£(G2“h—7) al, i=j=1

€ij =

=+ AK (G1uh — 5—;1) (GQUh — 5—;2) df], 7 # 7

ou Oe ou R
oz[“G2Uh - a_xQHQLQ(AK) +QA 8—;;(6‘21% _ 8_@) dx]
K
u 12 Oep, ou ﬂ L
\ " ﬁ[”GWh - 8_11”L2(AK) + 2/AK a_xl(Gluh - 6_951) dw], t=7=2

The “perturbations” €;; can be bounded using (27) and the Cauchy-Schwarz inequality as

—2vK <Oé€11 + 5622) < en <vk(vk +2) (Oéeu + ,3622)7
(v +2)(a—Ble’ey’ < ax <wr(vi +2)(a—Ber e’ (50)
—2ui <aezz + 5611) < €2 <vk(vk+2) (aezz + Beu).
A simple computation shows that
M22€11 — M12€12 M22€12 — M12€22
1 1
MM =TI+ det(M) | miierz — mizen mM11€22 — M12€12

18



where I is the identity matrix and det(M) is the determinant of M. The symmetric part of

— — 1
1 . . 1 o .
M™"M is thus given by (M ™" M)sym = I + det(3) C, with

(m11 + ma2)e12 — maia(€eri4€22)
2

mM22€11 — MM12€12
C={ci;} =
(m11 + maz2)e12 — miz(€11+€22)
2

mii1€22 — M12€12

We next bound the entries of C by exploiting inequalities (50). Tedious but straightforward
computations yield

—vi(a— B)er1ear — 2ur (2(042 + %)errezn + af(en — 622)2) < c11, C22

< vp(vk +2) (2(042 + B*)erre + af(e1r — 622)2), (51)

lci2| < vk (Vi + 2)(042 — ﬂQ)e}Peéf(eu + e22).

Moreover, using the Cauchy-Schwarz inequality

det(M) = miimaz — m3s = (aerr + Beaz)(aeaz + Berr) — (o — B)%eds

> (aer1 + Bean)(aes + Beir) — (a — B)2erreas = af(e1n + e22)?.

It can be checked that the largest bound of the absolute value for c11, c22 in (51) is the upper
bound, so that we obtain

(2(0® + B)errezn + af(enr — e22)?)

|11

— < vrlvk +2
miimog — m%g < vk (v ) af(eir + e22)?
2 2 2 1/2 1/2 N\ 2
€11 — €22 o+ €11 €29
= +2 _ 2 2
vi{vK )( (611 + 622> * af (611 + €22 (52)
—_———— —_————
aq a2
2 2
_|_
< VK(VK+2)(1 + %),

as a1 <1 and a2 < 1/4. Analogously, we have

1/2 1/2
o — % ey)’es)’(enr + e22)

|c1z|
—_— < vig(vk + 2
miimez —m2, x (Ve +2) af (e11 + e22)?
2 2 1/2 1/2 2 2 (53)
a’—f €11 €29 a” = p
< 2 < 2) ——
<vk(vk +2) o8 <611+622> <vk(vk +2) 28

Vaz

as y/az < 1/2. The thesis follows using Gershgorin theorem to bound the eigenvalues of
(M~'M)eym, on noting that the term 1+ (o2 + 8%)/(2a8) in (52) is always greater than
(a®—B%)/(2a8) in (53), and recalling that, for the case at hand, o = sk, and 8 = 1/sx. Thus,
both the radius and the center of the two circles containing the eigenvalues of (M_IM)Sym -1
are bounded by the same quantity, i.e. the right-hand side of (52), so that the constraint
Cs < 1/2 guarantees that the lower bound for the estimate of the eigenvalues of the matrix is
positive. We note that, while the true eigenvalues of the matrix M “M are positive, this may
not be the case for their estimates, unless the requirement C, < 1/2 is made. Moreover, as
vk — 0, both C7 and C5 tend to one, since MM — I, due to (50). Od
The reliability of the error estimator 7y in (26) is stated by the following
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Proposition 5.1 The error estimator (26) is reliable, i.e.,

llealll < TLY mker+ D2 M xellf = Ficllfe

KeTy, KeTy,

12 (54)
1 K 2
+ Z Z ||g_gEHL2(E)}
KE’T} 2,K Eég(K)ﬁgh N
where C = C(N, Ca, Co, Ymin)-
Proof. First, let us prove the intermediate result
lllenlll < Crm, (55)

where 7 is the global error indicator (21). This follows immediately from Proposition 3.1 and
Lemma 5.1, with Cr = Cr(N, Ca, C2).
From (55) and recalling the definitions of nx and nx,r, we obtain

1 2 1 2 1/2 2
lewll® < Cr > {[MENR IS = Ficlloaco + MM Iz
KE’Th

\L/2

1,K Oouy, 2
E ~ ] +)\1/ E llg — g&llL2(s)

2 677,[,,1( E LQ(E)

Ee&(K)NEp 0 Ee&(K)NEp N (56)

ou
+)\1/2 E gE — b ]wK (en) } Cr E 77KT
onr K
E€&(K)NEy, N KeT),

+Cr Z {[ A2 ) 1/2 If = fKHL2(K)+)\1K Z Hg—gEHLg(E)]wK(eZ)}_

KeT, E€&(K)NEp N

Our goal is to bound the right-hand side of (56) in terms of nx,7 and of the data perturbations
(f — fx) and (g — gr) only. Let us exploit Lemma 4.5 and Young inequality to get

Cr Y nxr+Cr Yy, {[Al,K If = fllex)

KeT, KeT,

lllexllI?

IN

ALK 1+vk
D> Hg—gEHLa(E)](Vl%|||eh|||AK}

e
2,K EcE(K)NEL, N min
2¢ (1 +vk)? 1
< Cn Y nhor+ 0 30 {ZEEID ik 4 D[R 1~ e
KeT, KeT, Ymin

RS gelen) ]

A
2K M pes(K)nen n

2¢ 1—|—1/
< Cr{ Y mier+ S llenlla + = 32 M clls = Sl
KeT, KeT, KE’Th
1 >\% K 2
+ = DY ||g—gE||L2<E>},
2e )\2 K
KeT, 77 E€E(K)NEy N

where we have used the fact that, for any K € 75, the number of Neumann edges is at most equal
to 2, while v = max vk, Vg being defined via (27), and ¢ is the parameter associated with the
€Ty
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Young inequality, to be suitably chosen. As from (6) it follows that Z |||eh|||2AK < N |lenl|I?,

KET,
we get

(1= 2Ny e, 1P < Cn { 3 v

Ymin KeT, ( 7)
5
1 )\1,K 2
= S M klf -~ Sl + 5= O 5 > lg-osliae )
KETh KeTy, LK E€&(K)NEy N

To make inequality (57) meaningful, we have to assure that

QCREN(]. +l/)2 . Ymin
T o >0 ie. 7QCRN( ER

For instance, the choice € = Yimin /(4CrRN(1 + v)?) guarantees that

CN1+I/
lewlll < Cr{ > mier+ 2220 ST X klf = fclfae

KeT, KeTy,
20N (1 + v)? Mk 1/2
+ —- > 3 > lg-geliem)
Ymin ket "2 pee(k)ney n

namely the reliability result (54), where C = Cr max ( C’R> with Cr defined through
Ymin

(55). O

Remark 5.1 Notice that the contribution of the data oscillation increases as N gets
larger, i.e., when the maximum number of elements of a patch increases. Moreover, the
reliability result does not depend explicitly on v since this quantity appears in the form
1+ v which is uniformly bounded between 1 and 2.

6 Efficiency of np

To prove the efficiency of the error estimator defined in (26), let us study separately the
three terms at the right-hand side of (25):

1/2 1/2 *
e = M klfrl e wiler)
(D)

/\1/12< Oup,
2502 el ) eten)

2

pee(Rneng HOTLKIBIL(E) (58)
(I1)
6uh

M ( (o2 = g, ol o ) e

+ Ak Z 9E g/ Bl L2e) wg (er,)

EcE(K)NEL, N

(III)

In the Lemmas below we bound the three quantities (1), (IT) and (III) in terms of
the data perturbations (f — fx) and (g — gg), and of the energy norm |||ep|||a, of the
discretization error on the patch Ag.

21



First, let us provide two results used in the sequel. The first one is relation (18)
rewritten on the whole domain 2 and by recalling the simplifying assumptions made in
Section 4 on the initial problem (9). We have

2 Bep, O 2 Quy, Ov
/(vzlaqah(% d* /fvdJH—/gvds—/(vZaij%:a—%)da?. (59)
Q bi=

I'n Q i,j=1

The second result is obtained by suitably integrating by parts the right-hand side of

(59):
2 Oup, Ov
- h -
/fvdx+/gvds—/( E am oz, Bxi)dx

I'n
0? 0
- /fvdm+/gvds+ > {/(Z U# v) i — 8ﬁuh UdS} (60)
KeT, i —1 LiOLj "L.K
Ouyp, 8Uh
= Z /f@dm—|— Z / Ud — Z / ds,
KeT i Béenn 3 (%LK Ecéna 3 8“ K

the diffusive matrix A having been assumed constant.
Let us begin to analyze the term (I) in (58).

Lemma 6.1 Under the Assumption 4.1, the bound

1+vk CAX1/2(1+S%<)1/2 Yenin
(1) < = [( 7 +dmn )

llenlliA . + X 1 = FiclEaqaer] (61)

holds, where Y is the minimum eigenvalue of the constant diffusive matriz A, X is
the eigenvalue of the problem (34), C4 = 4 vrlnalx2|aij|, and vy and Cp are defined by
i,j=1,

relations (27) and (38), respectively.
Proof. First, let us introduce the auxiliary function ox defined by
ox = sign(fx) bic |[K| 7%,

sign denoting the sign-function and where b# is the triangle anisotropic bubble function intro-
duced in Section 4.2. Lemma 4.6 immediately yields

/fK ox di = | fx| |K|*”2/bé 07 = C | fx 220,
K

K

that is
1
e e L (62
K
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Now, since supp(cx) C K, and from equations (60), (59) and Lemma 4.6 we get

!fxcfxdf—!faxdf-l-/(fx—f)Ude

K

2
. Oup, 0o . ~
— /fade—i—/gade—/('Zaija—I: a;:)dx—i—/(fK—f)ade
Q Ty Q wi=l K
2
dep, O . -
- /( Zaij£ %) d:l:-l—/(fK — f) ok dE
K BI=1 ! ‘ K (63)
< CallVerllr2x)IVorllrzxy + If — frllezxllox o2 (k)
B \1/2 ’):1/2 1—|—52 1/2
< e (foaz) ™ (0n AT (e + 1 - iz
s ,
31/2 2\1/2
_ o2 AT (A + sk)
= 7 [CA YW IVerllLz iy + II.f — fK||L2(K)]'

Going back to the term (1) in (58) we have

31/2 2\1/2
124172 1 AE (14 s%) %
(1) <M Ak 0}1?/2 [CA SEEW IVenllp2xy + 11 = fK||L2(K)] wik (er)
1 Ca /2 1+ s%)Y/? 1+ vk
< =i [ ST lenlle + 1f = Fillizae] o lenlla
74 min ’ min
1+vk Ca N2 (1 4 s2)1/2
< T ( - A S e + Ao = ficllegolenllae )

(64)
where relations (62), (63), (31) and (33) have been exploited. Let us further rewrite the product
M If = fxllr2x) lllenlllax via the Young inequality:

)\% K 2 ern/fn 2
A llf = Frllez oo lenlllar < =75 I = frellzz o + =7 Mllenllla
which, inserted into (64), provides the estimate (61). O

The term (II) in (58) can be bounded thanks to a similar procedure.

Lemma 6.2 Under the Assumption 4.1 it can be proved that

36*(1+VK) Ymin , 1/2 CA
(1) < Z5g = [ (0l ) Ulenll A
I’% mn pl? (
65)
1/2
+/\%,KNhfg/ Z ||f—fT||%2(T)}7
TeAk

where

= A1/2 /2 1/2 1 (x1/2 20\ 1/2
C" = CY? max(sy”, s )max{l + ciE max(sg,sx’) hg ()\ /2 4 (C_f() )}’
K
K' is the triangle sharing edge E with K, vk, Ca, Ymin, Cg and X are defined as in

Lemma 6.1, X is the eigenvalue of the problem (35), the constants N, C;i( and C are
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defined by relations (6), (39) and (40), and hg,pp are the diameter of K and of the
ball inscribed in it, respectively.

Proof. Let us introduce the auxiliary function og associated with a generic internal edge

Ec E(K)N&na, e S, ~1/2,A
0B _Slgn([aﬁL,K]E) he b

b4 denoting the edge anisotropic bubble function defined in Section 4.2. As, thanks to Lemma

4.6,
Oup, ] Oup, -1/2 [,a x Oun
4 ds = [[:24] |n /bd:C’A[ﬂ] ,
/[877,1‘,1( EUE s (977,1‘,1( el F B as K 8nL,K ElNlL2(E)
B B
we immediately deduce that
Oouy, ] ‘ 1 /[ Oup, ]
= ds. 66
H[aﬁL,K sl ~ C% J Lo e 78 (66)
B
As supp(cr) C QE, and thanks to results (60), (59) and Lemma 4.6 we infer
Oun
d
/[aﬁL,K]EUE ®
E
2
_ N - 8uh (90'}3 -
= Z /fade—/fade—/gUEds—t—/(.Za”%j 3xi)dx
TeRe Q Ty Q Bi=l
2
" dep dogpY
- /f"de‘/(Z““@ 52 )
TeQE T Qg 4,j=1
< fllezep loEllL2@) + CallVerllLzgp) IVoEIlL2(0 )
_ 2\ 1/2
< i ( fobaz) " (1l cen
QE _
+Cahg M2 ! max(sic, s10) IVenlr2(as) )
< OV max(sil?, 5317 (h2 1|2
+Cahg h;jl/2 /2 max(sK7sK/)||VehHL2(QE))
< OV max(si, )2 (hid? D0 IS = Frllueer
TeQE
+h11€/2 z ||fTHL2(T) + Ca h;? h;;l/Q j\l/z maX(SKv5K')||veh”L2(QE))7

TeEQEr

where relation (19) has been exploited. Now, by suitably using equalities (62) and (63) to
estimate the norms || f7| 21y, we get

aUh —k 1/2 CA
< E _ 4
/L?ﬁL,K]EUE ds< C [hE TGQE”f Jrlleza + (ngz,K)l/QHveh”B(QE)]’
E

where relation (19), (47), together with

Z (IVerllL2(r < \/§||V€h”L2(QE)’

TeQE
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and
hif? (14 s3)'2
21/2 >‘1,T
have been used. Thanks to the relations (31), (33) and (66), we get

hz _
Sh}E/QSTﬁ:hEl/QhRST,

1/2 6*

)\1 1
(1) < ;g}%( > [r - frlleeen

Ec&E(K)NER o TEQE
Ca

(Ymin P A2,K

773 lenlllos ] Jwrc(ei)

—k

3C 1/2
< oz st 2 1 = frlaery + Ca (52 ) T Hlenllla]

TeAk
LR 7o T
172 Crlllak
_ oo
3C (+vk) [M BY/2
= ot [ lenllaw 3217 = frilzza
K 'min 2,K EAK
SK 2
+ s Calllenl A ]
(p}?')’min)l/z K
where relation
U Qe C Ak,

EcE(K)NER 0

along with (19), and the fact that £(K) consists of three edges have been used. Finally, we
exploit the Young inequality to split the term

lealllax D If = frllzer:

TeAk
3/12( 71/2
1 min 2
172 lenlllax S = frllczay < 15k llenlllag
Aok TeAk
2
+— =N Z Ilf— fTHL2(T)
Tmin TeAk
This yields result (65). O

Finally, let us consider the term (III) in (58).

Lemma 6.3 Under the Assumption 4.1 we have

26** (1 + VK) Ca Ymin ;1/2 Ymin
(1) < C% Ymin [K( 1/2+ 4 hg’ + 4 )”'eh”'QAK
K

1/2
+h02 I = Fil2age + 200k Y. lloe — al3agm |,
Ec&(K)NEn, N

(67)
where

— k% -~ 1 s ~
c = max{Cl/2 5%2 (1 + o ), (C%)1/2,Cl/2 si(/zhfg AL/2

+ (Cg)mﬁl/? hesilh,

K

Ca, Ymins )\ )\ C Ci, hg, pi> v and C* being defined as in Lemma 6.2.
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Proof. Let us introduce the auxiliary function

e =sien((os = gt )] ) a0

associated with a generic edge E € £(K) N &y, n. From Lemma 4.6, we have

/(gE a 3212};() op ds ‘(gE B 32’?7}() ‘E‘ h;}”/bé ds
E

E
8uh
- il 22
K (gE (97_7:[‘7[() L2(E)
that is,
oup, 1 oup,
H (gE_ aﬁL,K)‘ ) Cf /(gE aﬁL,K)"E ds. (68)
E

Results (60), (59), together with Lemma 4.6 yield the inequalities

/(gE— 8?;2;)0;3(15:/(9— QZZ?K)UEdS+/(gE_g)aEdS

B E , B
_ - - Ouy Jog\ -
7/fUEdI+/gaEd5_/<_Za”8—wjBxi)dx_/fUde
Q Ty Q Bi=l K
2 Oey, Oog
+/(gE_g)UEdS:/(_Zaij8_Ij axi)dw—/fade—i—/(gE—g)aEds
E K BI=l K E

< CallVenrllzaIVorlL2y + 1 fll2aoloellLza) + 198 — gllL2my loell Lz k)

_3/9~ 1/2
< CallVenllL2 ) hE3/2 A2 hg sk (/bg df)
K

B \1/2 -~ 1/2
+ 1 fll2x) hp'/? (/bg dm) + llge — gllL2(m hp'/? (/bg dS)
_ K E
< OV 2[Ca X2 hi sichp'? [ Venll iz + 0 Iz |
+(CR) 2 llgs = gllzace) < CV2 32 [Ca X2 hg sic b | Ven| o
+ 02 1 = Fcllzzge) + 0l I xlla o] + (CR)2 llge = gllzacy,

where the inclusion supp(cr) C K has been exploited too. Now, by applying results (62) and
(63) to the term || fx || p2(x), we derive that

/( . 8uh
9B~ BRLk

E

Yowds < T [Cahg"? [ Venllpax)

+ 2 = Fxlla e + g = glloae)-

Now we are in a position to bound the term (III) in (58). Moving from (68) and thanks to
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the geometrical relations (47) and (19), and results (31) and (33), we have

)\1/}2(6** h71/2
() < 2e— (Y [ Calllenllls + i I = ficllezae
K

EcE(K)NEL, N min

+ llge = gllz2em)| ) wic(er)

2)‘1/12(6** Ca 1
; /2 11/2)p
< e[ lenllla + AN = felzzao
+ Y e —gliam] wiclen)
E€E(K)NEL N
26** 81/2 1/2
< [ C Ak B2 —
= C;f% (pR’Ymin)l/Q Al'leh”lAK + ALK I74 Hf fK||L2(K)

1/2 12 (1 4+vK)
+ MRS s -l s e el llax

Ee&(K)NEy, N Yrmvin
2Cc™ (1+vk) [ SK ,
B x Calllenlla
Cy A2 Lpg ymin)/? x
3/2
1L,K ;1/2
+ 3 " lenlllase 1S = Ficllzo
2,K
ALK
+)\1/2 [llenax Z ||gE—g||L2(E)j|.
2,K E€E(K)NEL N

Finally, employing Young’s inequality on the last two terms, we obtain

?/12( 1/2 )\% «
> min 2 s 2
~a2 lenlllaxllf = Frllee ey = == sclllenlllar + =5 I = frellLa ),
)\2,K Tmin
and N
1,K
/2 lenlllax E lge — gllL2(m)
2,K EEE(K)NEL N
71/'2 2 2 2
< B gy flenllhg + = A D0 e~ glace)
min EcE(K)NEL, N
respectively. These inequalities provide result (67). a

Lemmas 6.1, 6.2 and 6.3 yield the desired efficiency estimate (24) for the local error
indicator Nk r:

Proposition 6.1 Under the Assumption 4.1, it can be proved that

mr<Cl o Mleallk, + Xk Yo I = frlifae
TeAKk

1/2
o Y e —glBaw]
E€E(K)NEn.n

with Q = Q(I?, Na CAa VK, IMmax S, CAa A/mzn)
TeAk
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Remark 6.1 (A cautionary tale) It is well known that recovery-based estimators,
though possessing several attractive features, such as, their ease of implementation, gen-
erality and ability to produce quite accurate estimators, also have some drawbacks. For
example, a kind of dangerous behavior is highlighted in [1], Section 4.7, and it is referred
to as a cautionary tale. The authors construct an example in which the recovery-based es-
timator produces an estimated error equal to zero, while the actual error can be arbitrarily
large. A similar phenomenon is also addressed in [36], Remark 1.7, where it is shown
how to construct a problem having up = 0 as discrete solution, while ||u—wp||g1 (o) # 0.
We point out that this situation is independent of the estimator being employed, e.g.
recovery-based or residual-based estimator. As long as the estimator uses only “finite”
or “lumped” information extracted from the numerical solution and/or from the data
of the problem, it will always be possible to devise cases when the estimators fail to be
reliable. In particular, in [36], the author’s conclusion is that this kind of situations will
always occur as long as it is not possible to evaluate exactly ||f||12(k), and that this
problem is cured by further refinements of the mesh. In other words, this phenomenon
is related to the so-called data oscillation, i.e. ||f — fk||r2(x). This term may dominate
entirely the error estimate but it is usually not included in the definition of the local
error estimator, due to its uncomputable nature. In these cases, it is obvious that the
error estimator is not reliable. Conditions guaranteeing that the data oscillation is small
should be satisfied, then no phenomena such as the cautionary tale might occur.

7 Numerical algorithm and validation

In this section we first describe the numerical algorithm used to compute a numerical
solution satisfying a given tolerance, from an error estimator as (26). Then we validate
this algorithm on some numerical test cases.

7.1 Generation of the metric

The anisotropic information provided by the estimator (26) can be employed in two
different ways,

1. one just computes, on a given mesh, the quantity (26), thus obtaining an estimate
for the energy norm of the error;

2. one uses (26) in a predictive fashion, i.e. to construct a mesh satisfying an opti-
mality condition. Typical choices for this are

a) given a constraint on the maximum number of elements, find the mesh pro-
viding the most accurate numerical solution;

b) given a constraint on the accuracy of the numerical solution, find the mesh
with the least number of elements.

In what follows, we describe our approach, which fits into the 2.b) case.

Our numerical procedure is based on the definition of mesh metric (see [15]). In
particular, it is a standard way to endow the domain Q with a metric, induced by a
symmetric positive definite tensor field Mq : Q — R? such that

Mg = RTA2R.
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The tensors A = diag(xl,xz) and RT = [?1 1?2] are positive diagonal and orthogonal,
respectively while the quantities ﬁ and \; provide the stretching directions and spacing
of the grid to be generated (see Fig. 1). The metric Mg, however, is not known explicitly
(e.g. as a function of & = (x1,x2)), but is defined implicitly by the error estimator (26)
and the requirement b) above.

Suppose first that MQ is given; then we show how the problem of constructing a mesh
associated with the metric, in some sense to be defined shortly, can be posed in terms
of a “matching condition”. With this aim, we recall that, for any given mesh 75, we can
define a piecewise constant metric MTh, such that, MTk |K = Mg = BK2 =RY Al}zRK,
for any K € 7p, the matrices being the ones defined in Section 2. With respect to this
metric, any edge of triangle K has unitary length. Indeed, for any € € £(K), we have

eTMyge = eTBe=é "Bz 7' Bile =T M M 'e
= |IMg'ellz=llellz =1,

where ¢ = T (€).
For practical reasons, we approximate the quantities )\1,)\2,7“1,7“2 deﬁnlng MQ by
piecewise constant functions over the triangulation 73, such that 7“1| K= =7 K, )\ ‘ K=

)\1,;(, for any K € 7;, and with ¢ =1, 2.
Thus, we introduce the following matching criterion:

Definition 7.1 A mesh 7}, matches a given metric MQ if, for any K € Ty,

Mg, = Mz, |, = Mk,

e Tk =Tik and \ik = Nk, fori=1,2.

The determination of MQ and, in view of the definition above, of the corresponding
matching mesh, is usually carried out via an iterative procedure: starting from a given
mesh 7%, playing the role of a background mesh, i.e., a grid where the information
concerning the new metric is stored and used to update the new mesh, by analyzing the
solution on T¥, we seek for an optimal metric MET! (piecewise constant over T%) to
drive the generation of a better, adapted grid ’Thk“. At each step of this procedure, to
compute M MET! | we start from the definition of the global estimator (26), and then, for
convenience we rewrite the local estimators ng r as

(7"2 KGK( )7"2,K)

1 }1/2, (69)

e = 1K prcun) sxc (P Cre(ef)Prie) + -

where prc(un) = px(un)|K|"2/2 and Gg(ef) = Gr(ef)|K|! are the scaled residual
and matrix related to the reconstructed derivatives, respectively, the dependence on
k being dropped. This scaling is driven with the aim of making all the terms in the
right-hand side of (69) approximately independent of the measure of triangle K, at least
asymptotically (i.e., when the mesh is sufficiently fine), thus lumping this information
only in a multiplicative constant.

After scaling, we resort to the 2.b) requirement mentioned above, i.e. for a fixed
value of Nk 1, we minimize the number of triangles by maximizing |K|. This amounts
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to solving the following constrained minimization problem:
find sk and 7 g such that
o I o 1 7 = o L
I(skg,™ k) = Sk (T‘EK Gk(e}) 7“17K) + - (7‘27:;( Gx(e},) 7“271{) be minimized,
Where SK 2 ].7 F17K, T_"Q)K S Rg, ||7717K||2 = ||F27K||2 = ].7 and FLK 'F27K = 0

(70)
The solution to this problem is provided in the following

Proposition 7.1 The solution (§K,??17K) of (70) is such that ?LK is parallel to the
eigenvector associated with the minimum eigenvalue of G (e},) while

*

_ max(eig(Gx(e)))

SK = ~ )

eig(CNJK(eZ)) being the set of the eigenvalues of (N?K(e;*L),

Proof. Let us denote by (U1,x, o1,x) and (U2,x, o2,x) the two couples of orthonormal
eigenvectors and eigenvalues of the symmetric positive semi-definite matrix Gk (e}), where,
without loss of generality, we assume o1,k > 02,k (> 0). Let us expand 71,k and 72,k as

- - - o - -
T,K = a1V1,Kk + a2U2 Kk, T2 K = —Q2V1,Kk + a1U2,K,
2 2 . .
where a7 + a3 = 1. This gives,
ST 3w o 2 2 ST Ak o 2 2
71,k Gr(en) "1,k = 01,k a1 + 02,k a3, 7o i Gi(e}) T2,k = 02,k a1 + 01,k 3.

Noticing that (7 x Gi(el) ™)+ (75 k¢ Gk (e})Ta.i) = 01,k + 02,5, we are led to minimizing
the quantity
01,k + 02K

— 1 — ~ *\ —
I(sk,™,K) = (SK - —) Tk Gi(eh) 71k + .
K

SK
with respect to 7,k and sk. First notice that, for any given sx > 1, the above expression
is minimized when 7{ 5 Gk (e},) 71,k is minimum. This occurs when the Rayleigh quotient
7Ty Gk(e}) 71k is equal to the minimum eigenvalue of Gk (e}), i.e., when 7Ly Gi(e})FLr =
02,K gnd 71,k is parallel to the eigenvector U2 k. When this is the case, it also holds
FgK Gk (ep) T2,k = o1,k and T2,k is parallel to ¥1,x. In turn, the minimization with respect
to sk provides us with the optimal value of sx

~ 01,K
SK = Z 1.
02, K

Then we consider some particular cases:

a) when sg =1, I(1,71,x) = 01,k + 02,K, independently of 7, x, which can thus be chosen
arbitrarily;

b) when o2,k = 0 we have to limit Sk to a suitable user-defined maximum value;

¢) when o1,k = 02,K, all the Rayleigh quotients are equal to the common eigenvalue of
Gk (ep). In this case the solution of the minimization problem provides us with an

arbitrary vector 7’?1,K and with §x = 1, consistently with a). This corresponds to the
isotropic case of an unstretched triangle.
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O

To define completely the metric we are left with computing the values of Xl, x and

Xg) k. For this purpose we use the equidistribution of the error. More precisely, since we

can only act on the local estimators, we impose that nx r = 7, for any K € 7, where 7

is a given tolerance. By combining the result of Proposition 7.1 with the equidistribution
of the error, we single out the values of A\; x and Ay i as the solutions of the system

>0

“E =3k =g
A2 K
1/3

1
Y T
M KA K = | ——— — EW =p,

IR ke (an) (B oo + 25
K

from which it follows that XLK = /P4 XZK =/p/q.

Finally, we recall that the global metric Mg“ is obtained by letting ??l| K= ﬁ x and
X¢|K = Xi,K, with 7 = 1,2. Once the metric has been computed, the new mesh is built
by a metric-driven mesh generator, e.g. BAMG [19], which receives as input the metric

MSH and returns the mesh ’Tth satisfying (within a certain tolerance) the matching
condition.

7.2 Numerical Assessment

The procedure provided in Section 7.1 to get an adapted mesh satisfying criterion 2.b)
together with an error equidistribution approach, is validated in this section. Moreover,
to assess the robustness of the proposed anisotropic error estimator we study its behavior
on some a priori chosen non-optimal grids. A comparison with the standard ZZ and the
residual-based error estimators is also provided.

7.2.1 The first test case

We solve the Poisson problem in = (0,1)? with homogeneous Dirichlet boundary
conditions, namely we choose a;; = d;;, ¥ = 0, and 'y = 0 in (9), with J;; the
Kronecker symbol. The forcing term f is chosen such that the exact solution is given
by

u=4 (1 —e 10T (1 - 6_100)) zo (1 — z2).

The solution u exhibits an exponential layer along the boundary x; = 0, with an initial
steepness of 100. The presence of the boundary layer justifies the use of an anisotropic
mesh adaption technique.

Moving from the error estimator (26) and from an initial uniform mesh of about 1000
elements, we apply the procedure in Section 7.1 to get a new metric guaranteeing a pre-
scribed accuracy 7 = 1072 of the approximate solution u;, and an error equidistribution
on the mesh elements, and the corresponding adapted mesh. A priori one would expect
an adapted grid with the triangles stretched along the boundary layer to capture the
directional features of the solution at hand. This is confirmed by Fig. 4 where the fourth
adapted mesh, of about 5000 elements, is shown. The orientation and deformation of
the mesh elements (shortest edges oriented across the direction of maximal variation of
the solution) guarantee a reduction of the number of triangles, that is of the computa-
tional cost associated with the approximation of the problem at hand. A zoom of the
mesh in correspondence with the boundary layer is also provided on the right of Fig. 4.
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Figure 4: First test case: fourth adapted mesh obtained via the anisotropic ZZ error
estimator (26).

In Fig. 5 we provide an adapted mesh obtained moving from the same initial mesh,

but using another error estimator [12]. In more detail, we exploit an anisotropic coun-
terpart of the dual-based error analysis in [4]. Also in this case, by suitably choosing
the adjoint problem to be solved, we control the energy norm of the discretization er-
ror. By comparing the meshes in Figs. 4 and 5, we note that the distribution of the
triangles is very similar. However, the grid in Fig. 5 has less elements (about 4000), the
boundary layer being captured more sharply (compare the thickness of the refined areas
near the side z; = 0). This sharpness, though, is balanced by the higher computational
cost characterizing this second approach, due to the additional resolution of the dual
problem.
We remark that a control of linear functionals of the discretization error, identifying
physically meaningful quantities, is allowed by the dual-based analysis too. This ap-
proach yields meshes characterized by a distribution of triangles varying according to
the quantity we are interested in. We refer to [12] for an example of such a technique.

To assess the robustness of the error estimator (26), let us study its behavior on a
priori chosen meshes, following the criterion 1. in Section 7.1.

First, we consider a series of stretched meshes parametrized by a value k such that,
starting from a uniform 10 x 10 mesh of the domain €2, the new mesh is obtained by the
transformation

new _ €xp (kzi™) — 1

T a1 ™

where 71" takes on the values of the horizontal coordinates of the nodes of the initial
uniform grid. Notice that the meshes generated by the criterion (71) are correctly
oriented (though not necessarily of the correct size), the triangles being stretched along
the xo-axis and gathered in correspondence with the side ;1 = 0.

Table 1 collects the most meaningful quantities related to this assessment. In par-
ticular, for the current mesh, from left to right, we find:

e the value k;
e the maximum and minimum stretching factor sg;

e the total number Nv of vertices;
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Figure 5: First test case: fourth adapted mesh obtained via an anisotropic dual-based

approach.

the value v =

|G#Zup — Vul| 2

[[Vun — Vul|r2(q)

, related to the condition (27);

e the energy norm |||eg||| of the discretization error;

e the effectivity index associated with the standard isotropic ZZ error estimator

0%% _ ||GZZuh - vuh||L2(Q) .
[Hen!ll

)

e the effectivity index associated with the standard isotropic residual-based error

estimator

h 1/2
(X2 (Wl un) sy + - |1 BacCun) are) )

9Res _ KeT, 72
Menll (72)

ri(up) and Ry (up) being defined as in (14)-(15);

o the effectivity index associated with the anisotropic error estimator (26)

GA: nr
[Hen!ll

Notice that the total number of mesh vertices is invariant, i.e. it does not depend

on k.

Moreover, until the maximum stretching factor is about 26 (i.e. k < 5), the behavior of
the energy norm of the discretization error as well as of the effectivity indexes #4% and
64 is the expected one, |||es||| diminishing and the indexes converging to constant values
(about 1 and 4, respectively). On the other hand, the effectivity index 6™ associated
with the residual-based error estimator gets larger and larger.
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Table 1: First test case: values associated with the meshes generated by the criterion
(71)

maxy Sx — ming s | Nv v [Henl 0 gres 04
1 1.73 - 1.73 121 | 0.9961 | 8.8780 | 0.0772 1.0416 0.3635
2.5 4.62 - 1.75 121 | 0.9057 | 3.4868 | 0.5470 | 12.7906 | 2.3530
5 26.2 - 1.75 121 | 0.7328 | 1.2096 | 0.9760 | 51.0799 | 4.3298
10 1480 — 1.77 121 | 0.8596 | 1.4224 | 0.8812 | 46.9202 | 4.0841
20 8.76 - 108 — 1.77 121 | 1.0568 | 2.7707 | 0.5798 | 23.1898 | 2.9348
30 6.46 - 10'° — 2.60 121 | 0.9602 | 4.5719 | 0.3983 | 11.5777 | 2.8185
40 5.10 - 1014 — 6.47 121 | 1.0206 | 5.4212 | 0.3636 | 11.1959 | 3.0221

For 10 < k < 40, that is for extremely high values of the maximum stretching factor, a
different and unexpected trend is shown by the quantities |||es]||, #4% and 64, probably
due to the lack of a sufficient number of mesh nodes along the x; axis, far from the
boundary layer, or to the maximum very large aspect ratio, up to 10**. As for the
quantity v in the fourth column, we note that it is below the value 1, except for two
cases only.

The same quantities collected in Table 1 are computed on a second series of stretched
grids, obtained by refining the initial grid along the wrong direction, i.e. the x, axis
and near the top side of the domain, by the relation

new __ exXp (k‘rIQm) -1

T e i

where xi takes on the values of the vertical coordinates of the nodes of the initial
uniform grid. This choice aims at comparing the error estimator (26) with the standard
77 and residual-based estimators, in a very unfavorable situation. The results are
summarized in Table 2.

Table 2: First test case: values associated with the meshes generated by the criterion
(73)

k maxy Sx — ming s | Nv v [lenll 0 gres 4

2.5 4.62 - 1.75 121 | 0.9995 8.9567 0.0781 | 1.2829 | 0.3652
5 26.2 - 1.75 121 | 0.9944 9.1328 0.0781 | 1.8650 | 0.3725
10 1480 — 1.77 121 | 0.9925 | 10.0010 | 0.0600 | 3.1409 | 0.3244
20 8.76 - 106 — 1.77 121 | 0.9957 | 11.8100 | 0.0314 | 4.7254 | 0.2265
30 6.46 - 1010 - 2.60 121 | 0.9976 | 12.5180 | 0.0205 | 5.3389 | 0.1912
40 5.10 - 10 — 6.47 121 | 0.9987 | 12.7495 | 0.0138 | 5.5666 | 0.1686

The values of the energy norm |||eg||| are large and increase with k, due to the wrong
choice of the meshes, while the effectivity indexes 8% and 64 get smaller and smaller.
This testifies that, for the Poisson problem at hand, the isotropic ZZ and the anisotropic
error estimators underestimate the true error on such kind of grids. On the other hand,
the effectivity index (72) seems to be stabilizing about the value 5.5. In this case, the
quantity v is less than 1 but very close to it, probably again due to the unfavorable
choice of the mesh.

Finally, we evaluate the three error estimators above by approximating the Poisson
problem at hand on structured grids obtained by subdividing the horizontal and vertical
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sides of the domain by N1 and N2 uniform subintervals, respectively, and on criss-cross
type meshes characterized by N1 = N2 uniform subdivisions of all of the boundary edges.
For both the structured and criss-cross meshes, the maximum and minimum values of
the stretching factor sx are equal to 1.73 and 1, respectively.

The results are collected in Tables 3 and 4, respectively.

Table 3: First test case: values associated with the structured meshes

N1 — N2 Nv v lenlll T @ gres 64
20 -3 84 0.9670 | 5.9649 | 0.3105 | 13.7252 | 1.5044
40 - 6 287 0.9093 | 3.5215 | 0.5428 | 20.6935 | 2.4027
80 — 12 1053 | 0.8718 | 1.8925 | 0.7636 | 24.9598 | 3.3841

160 — 24 | 4025 | 0.7865 | 0.9666 | 0.9056 | 27.6362 | 4.1149

In both cases, the energy norm of the discretization error reduces as the grid is
refined, while the effectivity indexes #4Z and ## get near the values 1 and 4, respectively.
On the contrary, the estimates of the norm [||ey||| predicted by the residual-based error
estimator are not reliable, as the large values of " suggest. In both cases, the values
of v are always less than 1 (except for the first mesh in Table 4), probably due to the
regularity of the meshes.

Table 4: First test case: values associated with the criss-cross meshes

N1=N2 [ Nv v lenlll [z gres 4
4 41 | 1.0024 | 10.1142 | 0.0504 | 0.8272 | 0.2427
8 145 0.9786 6.5950 0.1920 | 3.2989 | 0.8779
16 545 0.9226 4.0655 0.4307 | 5.9274 | 1.8749
32 2113 | 0.8935 2.2421 0.6820 | 7.9493 | 2.9682
64 8321 | 0.8369 1.1542 0.8639 | 9.4810 | 3.8535

7.2.2 The second test case

We are still concerned with the solution of the Poisson problem in Q = (0,1)? with
homogeneous Dirichlet boundary conditions. The choice f = —20 sin(67z2)(—1 —
18 w2 w1 + 18 7% %) is made for the forcing term, so that the solution u is given by

u=10z1 (1 — x1) sin(6 7 x2).

First, we solve the problem on a quasi-uniform mesh with average size 1/20. Then ac-
cording to the criterion 2.b) cited in Section 7.1, we exploit the anisotropic information
provided by the error estimator (26) to get an adapted mesh with an almost equidis-
tributed error per element equal to 7 = 1073. This goal is reached after four iterations.
The sequence of the four adapted grids is collected in Fig. 6 (left-right top-bottom). It
appears that the directional features of the solution u match the grids. The six more
refined horizontal zones correspond to the regions of 2 where the maxima and minima
of u are reached.

Fig. 7 shows the discrete solution u; computed on the third adapted mesh. The two
plots refer to different view points.

The same quantities considered in Tables 1-4 are now computed on the initial and on the
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Z7Z error estimator (26) (left-right top-bottom).

Figure 6: Second test case
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Figure 7: Second test case: discrete solution computed on the third adapted mesh.

Table 5: Second test case: values associated with the initial and the four adapted meshes

maxy Sx — Ming Sk Nv Nt v [llenll] 0 ores 04
2.32 - 1.01 665 1248 | 0.7083 | 5.3290 | 1.0504 | 7.69907 | 4.8269
15.6 — 1.03 586 1128 | 0.6175 | 3.5560 | 1.0232 | 13.4678 | 4.9417
16.0 — 1.01 1196 | 2307 | 0.4142 | 2.0337 | 1.0076 | 19.2115 | 4.9277
18.4 — 1.02 2330 | 4533 | 0.3678 | 1.3077 | 1.0004 | 23.5636 | 4.9628
21.4 -1.02 3298 | 6416 | 0.3390 | 1.0928 | 0.9991 | 22.8249 | 4.9007

7.2.3 The third test case

As last test case we still deal with the solution of the Poisson problem in Q = (0,1)?
completed with homogeneous Dirichlet boundary conditions. Now the forcing term f is
chosen such that the solution is

u = sin(amwz) sin(amxs), (74)

with a chosen equal to 1,2 and 4. According to the criterion 1. in Section 7.1, we exploit
such a test case to compare again the robustness of the anisotropic error estimator (26)
with that of the standard ZZ and of the residual-based estimators. We use structured
grids obtained by subdividing the horizontal and the vertical sides of the domain by N1
and N2 uniform subintervals, respectively.

Table 6: Third test case: values associated with structured meshes and for the choice
a=11in (74)

N1 —N2 | Nv v Menlll 0 gres 04
2-2 9 1.0785 | 1.5352 | 0.6178 | 6.4211 | 2.5899
4-4 25 0.8769 | 0.8427 | 0.9380 | 6.8819 | 3.8000
8 -8 81 0.5940 | 0.4323 | 1.0064 | 7.1731 | 4.2097

16 — 16 289 0.3718 | 0.2176 | 1.0087 | 7.2769 | 4.3122

3232 | 1089 | 0.2338 | 0.1090 | 1.0048 | 7.3127 | 4.3374

64 — 64 | 4225 | 0.1521 | 0.0545 | 1.0024 | 7.3260 | 4.3486
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Table 7: Third test case: values associated with structured meshes and for the choice
a=2in (74)

N1—N2 | Nv v Menlll 0 gres 04
2-2 9 1.0582 | 4.6980 | 0.3748 | 10.0847 | 2.5544
4-4 25 1.1147 | 3.0140 | 0.6251 6.4844 2.8587
8 -8 81 0.9135 | 1.6807 | 0.9526 6.9236 4.0188

16 — 16 289 0.5767 | 0.8641 | 1.0070 7.2034 4.2996

32-32 | 1089 | 0.3342 | 0.4351 | 1.0061 7.2935 4.3525

64 — 64 | 4225 | 0.1955 | 0.2180 | 1.0029 7.3212 4.3564

Table 8: Third test case: values associated with structured meshes and for the choice
a=41in (74)

N1—-N2 [ Nv v Menlll T 0 ores 04
2-2 9 0.4811 | 2.9609 | 0.7136 | 7.8888 | 3.1110
4-4 25 | 1.1058 | 9.0507 | 0.5894 | 10.8892 | 3.5873
8-8 81 | 1.1328 | 6.0441 | 0.6266 | 6.5104 | 2.9673

16 -16 | 289 | 0.9326 | 3.3556 | 0.9585 | 6.9436 | 4.1318

32 -32 | 1089 | 0.5663 | 1.7274 | 1.0064 | 7.2183 | 4.3449

64 — 64 | 4225 | 0.3126 | 0.8702 | 1.0044 | 7.3018 | 4.3726

The results for the three different values of a are collected in Tables 6-8. Besides a
reduction of the norm |||ep ||| of the discretization error, we notice that the values of the
three effectivity indexes 42, #*% and 64 stabilize around 1, 7.3 and 4.3, respectively.
This trend states that, for this test case, except for a suitable scaling factor, the three
error estimators provide reliable values for the energy norm of the discretization error,
in the presence of the structured meshes chosen above. Finally, we note that, in all
the three cases, the quantity v is small, except for few cases, probably because of the
regularity of the meshes and the smoothness of the solutions.
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